We present a fluctuation relation for heat dissipation in a nonequilibrium system. A nonequilibrium work is known to obey the fluctuation theorem in any time interval t. A heat, which differs from a work by an energy change, is shown to satisfy a modified fluctuation relation. Modification is brought by correlation between a heat and an energy change during nonequilibrium processes whose effect may not be negligible even in the t → ∞ limit. The fluctuation relation is derived for overdamped Langevin equation systems, and tested in a linear diffusion system. Fluctuations of thermodynamic quantities of nonequilibrium systems obey a universal relation referred to as fluctuation theorem (FT) [1] [2] [3] [4] [5] [6] [7] [8] [9] . Discovery of the FT leads to a great advance in nonequilibrium statistical mechanics. Based on the FT, one can generalize the fluctuation dissipation relation to nonequilibrium systems [10] [11] [12] and figure out fluctuations observed in experimental small-sized systems [13] [14] [15] .
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The FT for a quantity R over a time interval t takes the form e −R = 1, where the average · is taken over a probability distribution for an initial state and over all time trajectories. Some quantities further satisfy the FT in the form P r (R)/P r (−R) = e R where P r (R) = δ(R − R) is a probability density function (PDF) for a nonequilibrium process andP r (R) for a corresponding reverse process. The latter is called the detailed FT and implies the former called the integral FT.
Consider a system being in thermal equilibrium with a heat reservoir. We will set the temperature and the Boltzmann constant to unity. The system is driven into a nonequilibrium state if one adds a nonconservative force or applies a time-dependent perturbation. Then, there exist nonzero net flows of a nonequilibrium work W into the system and a heat dissipation Q into the reservoir. It is well established that the work W over a time interval t obeys the FT [2, 6] . In addition, the total entropy change ∆S tot = ∆S sys + ∆S res with the system (reservoir) entropy S sys (S res ) satisfies the integral FT for an arbitrary initial state, and even the detailed FT for a steady state initial condition [7] . Thermodynamic quantities are measurable experimentally from time trajectories in classical systems [16] , while their experimental measurability in quantum systems is still an open issue [17] .
Fluctuations of heat Q, or entropy production ∆S res = Q/T , has also been attracting much interest [18] [19] [20] [21] [22] [23] [24] [25] [26] . Note that a heat differs from a work by an energy change ∆E as Q = W − ∆E. When t becomes large, the system will reach a steady state with constant work and heat production rates on average. Hence one may expect the FT for heat in the large t limit where an energy change can be negligible (Q ≃ W ≫ ∆E). In fact, the FT for the heat production rate (Q/t) is derived formally in the t → ∞ limit [3, 4] . On the other hand, some model studies demonstrate the FT for heat [25] or failure of the FT in the t → ∞ limit [19, 23, 24] . So, it is interesting to understand how and why the FT is violated for finite t and whether it is restored in the large t limit [21, 22] .
In this Letter, we present a fluctuation relation for heat, given in Eq. (8) . For any process, fluctuations are constrained by the energy conservation Q = W − ∆E. So a correlation between thermodynamic quantities plays an important role in characterizing the heat fluctuation. We find that the heat distribution satisfies a modified fluctuation relation that differs from the ordinary FT by a factor reflecting such a correlation. The fluctuation relation is confirmed for a linear diffusion system analytically and numerically. Our work provides an insight into origin for failure of the FT for heat for finite-t interval and possibly for infinite-t interval.
We consider a dynamical system described by an overdamped Langevin equation
where
T is a force, and
T is a white noise with
A damping coefficient and a noise strength are set to unity by rescaling t and q properly. The force can be decomposed as f = f c + f nc , where f c (q) = −∇ q Φ(q) is a conservative force with a scalar potential energy function Φ(q) and f nc (q) is a nonconservative force. In this work, we focus on systems with a time-independent potential. We assume that the system is in thermal equilibrium following the Boltzmann distribution P eq (q) ∝ e −Φ(q) initially at t = 0. Then it evolves into a nonequilibrium state due to the nonconservative force.
When the system follows a path q(τ ) for a time interval 0 ≤ τ ≤ t, a nonequilibrium work done by the nonconservative force, a heat dissipation, and an energy change are given by functionals [27] . They satisfy the energy conservation ∆E = W − Q. Among these, the PDF for work
Recently, it was found that joint probabilities for thermodynamic quantities also satisfy similar fluctuation relations [28] . Let {A i [q(τ )]} be a set of functionals whose sum is equal to the work
is a timereversed path. Then, it was found that the joint PDF
Those relations reproduce Eq. (3), and provide more detailed informations on nonequilibrium fluctuations [29] . We apply the formalism to the study of heat fluctuations. Consider the joint PDF P h,e (Q, ∆E)
which will be referred to as a generalized FT (GFT). One may consider another joint PDF P w,e (W, ∆E)
. They are related as P h,e (Q, ∆E) = P w,e (Q + ∆E, ∆E) .
So the GFT for P w,e takes a slightly different form as P w,e (W, ∆E) = e W P w,e (−W, −∆E) .
The PDF P h (Q) ≡ δ(Q[q] − Q) for heat is reduced from P h,e (Q, ∆E). Integrating both sides of Eq. (5) over (∆E), we obtain a fluctuation relation for the heat:
Note that P e|h (∆E|Q) = P h,e (Q, ∆E)/P h (Q) denotes a conditional probability for an energy change ∆E to a given value of heat dissipation Q. .
The detailed FT for heat is modified by the factor Ψ(Q). The original FT requires that Ψ(Q) = 1 for all Q. However one, in general, expects a correlation between Q and ∆E. Such a correlation leads to a Q-dependence in Ψ(Q), hence invalidates the detailed FT for finite t.
The fluctuation relations can be rewritten in terms of moment generating functions Gŵ(λ) ≡ e −λW , Gĥ(η) ≡ e −ηQ , Gŵ ,ê (λ, κ) ≡ e −λW−κ∆E , and Gĥ ,ê (η, κ) ≡ e −ηQ−κ∆E . All of them are not independent, but are deduced from a single one, e.g., Gŵ ,ê : Equation (6) yields that Gĥ ,ê (η, κ) = Gŵ ,ê (η, κ − η), and Gŵ(λ) = Gŵ ,ê (λ, κ = 0) and Gĥ(η) = Gĥ ,ê (η, κ = 0). The GFTs in Eqs. (5) and (7) are equivalent to
Setting κ = 0 in Eq. (11), one recovers the FT for work, Gŵ(λ) = Gŵ(1−λ). The fluctuation relation for heat cannot be written in a simple form with generating functions. Instead, the modification factor Ψ(Q) can be written as
with G h,ê (Q, κ) ≡ d(∆E)e −κ(∆E) P h,e (Q, ∆E). In the t → ∞ limit, the FT is formulated in terms of the large deviation function (LDF) [4] . For the heat distribution, it is defined as
Then, Eq. (8) yields that
We can further simplify it by introducing a LDF
which is obtained from the Legendre transformation
of a LDF eĥ ,ê (η, κ) = lim t→∞ − 1 t ln G h,e (η, κ). Combining these, we obtain that ψ(q) = e h,ê (q, κ = 1) − e h,ê (q, κ = 0) .
This is a central quantity that determines whether the FT holds for heat in the t → ∞ limit. We apply the formalism to a d = 2 dimensional linear diffusion system where the force is given by f (q) = −F·q with a force matrix This model is a specific case of a general linear diffusion system studied in Ref. [27] , where one can find closed form solutions for various distribution functions. The purpose of this study is to confirm the fluctuation relations in Eqs. (5), (7), and (8) explicitly, and to understand the effect of the correlation on the fluctuation relation.
The force matrix is decomposed into the symmetric part F s = (F + F T )/2 = I and the anti-symmetric part F a = (F − F T )/2. Then, the conservative force, the energy function, and the nonconservative force are given by f c (q) = −q, Φ(q) = q T · F s · q/2 = 1 2 |q| 2 , and
T , respectively. So the model describes a particle trapped in an isotropic harmonic potential Φ and driven by a swirling force f nc . The parameter ε represents a strength of the driving force.
The linear diffusion system was studied in Ref. [27] using a path-integral formalism. We extend the formalism to obtain the joint probability distributions. The algebra is straightforward but rather lengthy. So we present the explicit expression for the moment generation function Gŵ ,ê (λ, κ) without derivation. Details will be published elsewhere [30] . It is given by
and
Note that Ω(x) = Ω(1 − x). Hence, Gŵ ,ê (λ, κ) satisfies the GFT in Eq. (11) .
The generating function for P h (Q) is given by It does not obey the FT (Gĥ(η) = Gĥ(1 − η)) for finite t. The corresponding LDF is given by
We remark that the limit should be taken carefully. The function F (x, y) has a pole singularity at (Ω(x) − 1) 2 = 4y 2 in the t → ∞ limit. Hence, the LDF is well-defined only within the interval η − ≤ η ≤ η + where η + = 1 and η − = 1 + 1/ε 2 for ε 2 > 1/3 and η − = (ε 2 − 1)/(ε 2 + 1) for ε 2 ≤ 1/3. Equation (25) is valid only within the interval, while eĥ(η) = −∞ otherwise.
The Legendre transformation e h (q) = max η {eĥ(η) − qη} yields that
where q ± = deĥ/dη η=η± . The linear branches indicate exponential tails in P h (Q) [19] . Figure 1(a) shows the LDF at ε = 1/(2 √ 3). The function [Ω(η) − 1] is drawn with a dashed line, while eĥ(η) is drawn with a solid line. The Legendre transformation e h (q) is plotted in Fig. 1(b) with a solid line. The Legendre transformation of [Ω(η) − 1] is also drawn with a dashed line. They deviate from each other at q ± .
In order to test the FT, we plot e h (−q) − e h (q) (solid line) in Fig. 2(a) . It does not coincide with the dashed straight line representing e h (−q) − e h (q) = q for large q, which shows that heat does not obey the FT. It is worthy to compare our result with that of Ref. [19] . In both cases, the FT appears to be valid for small values of q, specifically within the domain |q| ≤ |q + | in our study. The value of |e h (−q) − e h (q)| saturates to a constant for large |q| in Ref. [19] . It contrasts with the linear increase when |q| > |q − | in our case. It suggests that the heat fluctuations do not exhibit a universal behavior [19, 24] .
Our theory predicts that ψ(q) describes the deviation from the FT. We now evaluate ψ(q) explicitly to confirm the proposed relation in Eq. (15) . Using Eq. (6) and Gĥ ,ê (η, κ) = Gŵ ,ê (η, κ − η), one has Gĥ ,ê (η, κ) = F (η, κ − η). So the LDF is given by
It appears to be independent of κ. However, due to the singularity of F in Eq. (22), the LDF is well defined only within the region 4(κ − η)
Accordingly, the LDF eĥ ,ê (η, κ) has a κ dependence. The domain is drawn in Fig. 2(b) . Now we need perform the Legendre transformation of Eq. (18) at κ = 0 and 1. When κ = 0, η is restricted to the interval η − ≤ η ≤ η + , and e h,ê (q, κ = 0) becomes equal to e h (q) given in Eq. (26) . When κ = 1, the validity region is shifted to η Fig. 2(b) ). So, e h,ê (q, κ = 1) is given by the function in Eq. (26) with η ± and q ± being replaced with η (26), one can find that e h,ê (q, κ = 1) = e h (−q)− q. This completes the proof that ψ(q) = e h (−q)−e h (q)− q.
We also test validity of the relation (8) at finite t. We have solved Eq. (1) with ε = 1/ √ 3 numerically 10 7 times up to t = 0.5 to measure various PDFs and Ψ(Q). In Fig. 3(a) , P w (W ) and e W P w (−W ) are compared, which confirms the FT for work. In Fig. 3(b) P h (Q) displays a disagreement with e Q P h (−Q) but matches perfectly with e Q P h (−Q)/Ψ(Q). This is a numerical verification of the relation in Eq. (8) . The joint PDF P w,e (W, ∆E) shown in Fig. 3(c) is symmetric under inversion ∆E → −∆E. So the energy may increase or decrease equally likely irrespective of the amount of work. It explains the reason why the heat distribution is wider than the work distribution as shown in Fig. 3 . One can find an anticorrelation between Q and ∆E in Fig. 3(d) . Due to the correlation, Ψ(Q) = e −∆E Q = 1. In summary, we have derived the fluctuation relation for heat in Eq. (8) using the GFT in Eq. (5) for the joint PDF. The heat distribution does not obey the same type of the fluctuation relation as the work distribution does. The modification is given by the factor Ψ(Q) ≡ e
